Let B be a projective algebraic curve over an algebraically closed field k of characteristic zero, and let S ⊆ B be a finite set of points. Shafarevich's conjecture for families of curves, proved by Parshin and Arakelov (see [2] ), states that (I) There are only finitely many isomorphism classes of smooth nonisotrivial families of curves over B − S. . As a byproduct we reprove their result, but the reader familiar with their articles will recognize strong similarities between their and our approach.
The corresponding questions, for abelian varieties and their moduli scheme, were solved by Faltings [5] . In this note we prove (B) for surfaces of general type, and for canonically polarized manifolds, in case S = ∅. The only obstruction to extend (B) to arbitrary families of canonically polarized manifolds, is the lack of a proof for the existence of relative minimal models for semi-stable families of such varieties over curves. We have nothing to contribute to problem (R).
For smooth families g : Y → B of surfaces, i.e. for S = ∅, (B) has been proved by the first author.
This note benefited from discussions between the first author and A. Parshin and between the second author and Qi Zhang. We thank both of them, and K. Oguiso for remarks and comments.
Families of canonically polarized manifolds and of surfaces of general type
Let B be a curve and Y a variety of dimension n + 1, both non-singular, projective and defined over an algebraically closed field k of characteristic zero. Let g : Y → B be a flat morphism with connected fibers Y b = g −1 (b). Let S ⊂ B be a finite set of points and D = g −1 (S). Frequently we will denote the divisors s∈S s and s∈S g −1 (s) by S and D, as well. We want to study both, families of surfaces of general type and of canonically polarized manifolds, and D will be supposed to be the set of bad fibers. To cover both cases we formulate the following assumption: 
is the morphism, induced by Φ ν , then π ν should be birational and the maximal fibre dimension of π ν should be one, for some ν ≫ 0, satisfying the condition a).
Recall from [3] , § 2, or [16] , § 5, that for an invertible sheaf L on a normal projective variety F the integer e(L) is defined to be the smallest positive integer e for which the multiplier sheaf ω F − D e is isomorphic to ω F , for all divisors D of global sections of L. For e(L) to exist, one has to require F to have at most rational singularities. Then, by [3] 
In [16] , 2.7 and 2.9, we defined a locally free sheaf G on B to be numerically effective (or nef), if for all µ > 0 and for a point p ∈ B the sheaf
is ample. We will use: • q = g(B) for the genus of B.
• s = #S for the number of degenerate fibers.
• e(ν) = e(ω ν F ) for some general fibre F of g.
Then one has:
. a) will follow from 1.3 and b). This part of theorem 1.4 is due to Kovács [10] , [11] , [12] and to Migliorini [13] . Qi Zhang [17] gave an elegant proof in case B is an elliptic curve. His proof easily extends to B = P 1 , as he and the second author found out discussing his result. In this note we take up their approach, together with positivity properties of direct image sheaves, as stated in [3] . Remark 1.5. The constants ν and r(ν) are determined, using Matsusaka's big theorem, by the Hilbert polynomial of the fibers Y b for b ∈ B −S. For canonically polarized manifolds, e(ν) ≤ ν n · c 1 (ω F ) n + 1, as we have seen in 1.2, a). For surfaces of general type, the canonical modelF of F has A − D − E singularities, and the number of (−2)-curves on F is bounded by dim H 1 (F, Ω ). Such a bound exists for different reasons. By [16] , the moduli space of normal canonically polarized surfaces with at most rational double points and with given Hilbert polynomial is quasi-projective, in particular it has only finitely many irreducible components. Moreover, Kollár [8] (see also [16] , 9.25) constructed a finite covering Z of the moduli scheme, together with a "universal family". By ) ≤ e, for all surfaces F with Hilbert polynomial h.
Ampleness and vanishing theorems
Let X be a projective manifold, U ⊂ X an open dense submanifold, and let L be an invertible sheaf on X.
a) L is semi-ample with respect to U if for some η > 0
L is ℓ-ample and big with respect to U, if one can choose η in a) such that the morphism
induced by ι η is proper, birational and Then there exists a blowing up τ : 
Proof. If ∆ = ∅, this is [4], 6.6. Hence we will assume that ∆ = 0, and fix some η for which the assumption 2.1 b) on Φ η hold true. Let τ : X ′ → X be a blowing up, such that X ′ is non-singular, ∆ ′ = τ −1 (∆) a normal crossing divisor and such that, for L ′ = τ * L, the image of
be the induced morphism. Φ ′ | U ′ is a proper morphism with image V . Let I be the ideal sheaf of Z − V and
Blowing up again, we may assume that
will be generated by global sections. For some µ ≫ 0, the number µ · η will not divide the multiplicity of any of the components of µ · Γ 1 + Γ 2 . Allowing ∆ ′ to have multiplicities, we thereby got to the following situation: Assumption 2.3. For some η and some normal crossing divisor ∆ ′ with
is generated by global sections, the induced morphism Φ ′ : X ′ ։ Z is birational and the fiber-dimension of U ′ = Φ ′ −1 (V ) → V is at most ℓ. Moreover there exists a projective flat morphism γ : V → W to a non-singular affine variety W . Let N ′ be any numerically effective invertible sheaf on X ′ and choose [
We will prove, by induction on dim X ′ −dim W , that the assumptions 2.3 imply
is generated by global sections, and that for the zero divisor H of a general section of this sheaf Φ ′ (H) ∪ V → W is again projective and flat. Moreover ∆ ′ + H is a normal crossing divisor and
. Therefore H, L ′ | H and ∆ ′ | H satisfy again the assumptions 2.3. If dim V = dim W , we choose H = 0. In both cases, the morphism
has an integrable connection which satisfies the E 1 -degeneration. The assumption ∆
]) red allows to apply [4] , 4.12, and to obtain
to obtain 2.1 by induction.
3. The proof of theorem 1.4
We will assume that D is a normal crossing divisor. Enlarging S and D we may assume that 2q − 2 + s ≥ 0, hence that ω B (S) is nef. If 2q − 2 + s = 0, then either B is elliptic and g smooth, or B = P 1 and S = {b 1 , b 2 }. In the second case, there exists a finite covering P 1 → P 1 , totally ramified in S, such that the pullback family has stable reduction. Altogether, part a) of 1.4 follows from 1.3 and part b) of 1.4.
If the fibers of Y − D → B − S are canonically polarized manifolds, the next proposition follows from [3] , 2.4. Since we will use it for families of minimal models of surfaces of general type, as well, we will recall the proof. Proof. By the assumptions a) and b) in 1.1 it is sufficient to show, that for some
is generated by global sections, or that
is ample. By definition of nef, this hold true, if the sheaf
is nef. To this aim (see [16] , 2.8) we can replace B by a covering, unramified in S, and Y by the pullback family. Thereby we may assume that
for an invertible sheaf A on B. For r = r(ν) let
be the r-fold fibre product, let σ : X ′ → X be a desingularization, and
. The morphism f is Gorenstein and the general fibre is non-singular. Hence there are natural injective maps
and f 
with zero-divisor Γ. Blowing up X ′ , with centers in a finite number of fibers, we may assume that the image M ν ⊗ J of
The ideal sheaf J is trivial in a neighborhood of the general fibre.
Let us write
contains a nef subsheaf, isomorphic to L e(ν)·ν (−ν · Γ) in a neighborhood of the general fibre. Moreover, by 1.
[3], 1.7 implies that the sheaf f
} is nef. By the definition of e(ν) and by 1.2, c), the natural inclusion
is an isomorphism on some open dense subset of B. Using (3.2) one obtains a nef subsheaf of
of full rank, hence the latter is nef, as well. Then
as well as its quotient
Let us return to the proof of 1.4 b) and c). If g is semi-stable, i.e. if D is reduced, we choose δ = 0, otherwise δ = 1. Let us assume that 1.4 b) or c) are wrong. Hence
and 3.1 implies that for
, is 1-ample and big with respect to Y − D. Since we assumed ω B (S) to be nef, 2.2 implies that: Claim 3.2. There exists a blowing up τ : X → Y with centers in D, such that ∆ = τ * D is a normal crossing divisor, and there exists an effective divisor Γ, supported in ∆, with
for p + q < dim X = n + 1 and for all m ≥ 0.
The morphism f = g • τ is smooth outside of ∆, and one has an exact sequence of locally free sheaves
Comparing the determinants one finds
Proof. If δ = 1, this holds true with τ 
is zero, hence
injects into
is a subspace of
). Using 3.2 again, one finds H n and thereby H 0 to be zero. Since Γ is effective, this contradicts 3.3. Hence the inequality stated in (3.3) does not hold true, and we obtain 1.4 b) and c).
Moduli schemes and boundedness
Let M h denote the moduli functor of minimal surfaces of general type, if deg h = 2, and of canonically polarized manifolds, if deg h > 2, both times with fixed Hilbert polynomial h ∈ Q[t]. The corresponding moduli scheme is denoted by M h .
If deg h = 2, i.e. in the surface case, Kollár and Shepherd-Barron [9] defined stable surfaces, Alexeev [1] proved that the index of the singularities is bounded in terms of the coefficients of the Hilbert polynomial, which implies by [8] that M h has a compactificationM h , parameterizing families of stable surfaces (see also [16] , section 9.6).
For deg h ≥ 2, those results were generalized by Karu [6] , assuming the minimal model conjecture for semi-stable families of n-folds over curves (MMP (n + 1)). Let againM h be the compactification andM h the corresponding moduli functor. The existence ofM h implies that for some N 0 , depending on h, the reflexive hull ω
In both cases, for some η ≫ 0 the sheaf ω
X is very ample (deg h > 2) or semiample and the induced morphism the contradiction of (−2) curves (deg h = 2).
Kollár [8] (see also [16] ) has shown, that for η ≫ 0 and for some p > 0 there exists a very ample invertible sheaf λ onM h with:
For f : X → Z ∈M h (Z) and for the induced morphism ϕ : There exists a finite covering γ : C → B and f : X → C ∈M h (C) which induces
We may assume, in addition, that f has a semi-stable model f ′ : X ′ → C, with X ′ non-singular. By the definition of stable surfaces in [9] (or of stable canonically polarized varieties in [6] ),
[14], 3.2, gives an injective map
which is an isomorphism over γ −1 (B − S). Hence Without assuming the minimal model conjecture MMP (deg h + 1) 4.2 and 4.3 remain true, if S = ∅. In fact, the existence of the very ample sheaf λ on M h has been shown in [16] . For the corresponding embedding M h → P m chooseM h to be the closure of M h in P m . Then for complete curves B and for morphisms B →M h with image in M h , the arguments used to prove 4.2 remain valid.
In [16] , section 8.5, one finds the definition of a moduli functor D
of canonically polarized normal varieties with canonical singularities of index N 0 . Kawamata [7] has shown that this moduli functor is locally closed. Unfortunately it is not known to be bounded, i.e. whether Matsusaka's big theorem holds true.
As in [16] 
